Abstract--The current algorithm for predicting eruptions of Old Faithful is observation-based and has an accuracy of plus or minus ten minutes. In this paper, we analyze eruption data from a nonlinear dynamics perspective and develop a mathematical prediction model based on the discrete logistics map. We compare our predictions of the data with those from the observation-based algorithm. We conclude that although our algorithm is not as practical for use in the park setting, it is competitive with the current one.
INTRODUCTION AND PROBLEM MOTIVATION
Old Faithful, the most famous geyser in Yellowstone National Park, is known for the regularity and predictability of its eruptions. Predictability, however, has many gradations. Although it is possible to predict an eruption after observing the previous one, there is currently no way to predict more than one eruption into the future, to base predictions on solely eruption intervals, or to make a daily forecast of Old Faithful's behavior.
The current prediction algorithm for Old Faithful is based on observation and involves a correlation between the duration of an eruption and the time until the next. A longer eruption duration results in a longer interval between eruptions, and a shorter duration results in a shorter interval. This correspondence was first noted in 1938, though the values in the algorithm have been updated. The predictions have an accuracy of approximately plus or minus ten minutes [1] .
Mathematicians and statisticians have been interested in the problem of predicting Old Faithful using techniques from their fields for some time. Analyzing eruption data from Old Faithful is a common exercise in many statistics courses. Statisticians commonly note the bimodal distribution of the data (for example, see [2] ). Since a given eruption interval tends to be either "long" or "short", a histogram of eruption intervals would show two clusters of interval frequency, one near
The author would like to thank K. M. Short for initiating and encouraging this work. It would not have been possible without his input and support. Typeset by ~4j~4S-TEX doi: 10.1016/j.mcm.2004.07.013 50 minutes and one near 80 minutes. A bimodal distribution is also seen in data of eruption duration, since short eruption durations tend to correlate with short intervals between eruptions and long to long.
Other researchers have taken a different approach to studying geyser behavior. In "Is Old Faithful a strange attractor?" the authors examine the idea that the dynamics of Old Faithful are chaotic [3] . They develop a simple model of Old Faithful based on a mass-spring system. As the parameter values in the model are changed, its behavior ranges from fixed to periodic to chaotic. They argue that a geyser modeled by this system would exhibit behavior in these regimes as well. They back up this claim with state space reconstructions of eruption interval data to show a loss of information as the system evolves, a characteristic of chaos. Meanwhile, similar work has been carried out for other geysers. The authors of [4] consider Plume, a geyser that neighbors Old Faithful. They develop a nonlinear model that exhibits the characteristic behavior of Plume; this is an indication that the geyser behavior itself is nonlinear.
In this paper, we combine these perspectives. We connect the observation that Old Faithful's eruption intervals have a bimodal distribution with the idea that the system could be chaotic and construct a nonlinear model that exhibits bimodal behavior.
THE LOGISTICS MAP
As we mention in Section 1, a characteristic feature of Old Faithful's eruption pattern is its bimodal behavior. More often than not, a long eruption interval (approximately 80 minutes) is followed by a short interval (approximately 50 minutes), and the cycle repeats. However, these long intervals vary in length, as do the short. Moreover, there are periods of consecutive intervals that are not quite long or short. It is this type of behavior that we wish to model.
To do so, we use the logistics map
which is the discrete counterpart to the logistics equation often used to model population growth. It maps the unit interval [0, 1] to itself, and its behavior is controlled by parameter r. As r changes, the characteristic behavior of the map changes. Possible behavior regimes include convergence to a stable fixed point, oscillation between two fixed points in a stable two-cycle, and chaos. Table 1 highlights the behavior for various values of r. For a more detailed discussion of the logistics map and its dynamics, see [5, Chapter 10] . If the value of r were to vary with n (r = rn), the behavior of the logistics map could change at each iteration. If r were to vary within the range (3,1 + vf6), the map would jump between Possible chaotic behavior two values as in two-cycle behavior but the cycle's fixed points would change at each oscillation as r changes. If the value of r were to slip below 3, the two-cycle behavior would collapse and the iterates would tend toward a fixed point which also would vary with r. If r were to increase above 3, the pseudo-two-cycle behavior would resume. If r increases further, so that r > 1 -t-v~, two-cycle behavior could still exist, given appropriate initial conditions, but the cycle would be unstable. When r > 3.569946, chaotic behavior is possible as well, for certain initial conditions. It is this variance in r that could cause the logistics map to exhibit behavior characteristic of Old Faithful's eruption intervals. Our goal is to model the eruption dynamics of Old Faithful with this in mind.
PREDICTION ALGORITHM DEVELOPMENT
In this section, we analyze the eruption interval data and develop an algorithm to predict future eruptions. The data used in this paper is a time series of eruption intervals taken over 13 days in August 1985 [2] . There are 260 eruption intervals, or data points, in this set. Figure 1 is a plot of the data versus time in hours.
Both bimodal and fixed-point behavior is seen in the data. The bimodality is evident (for example) between the hours t --0 and t --20, and the tendency toward a fixed point occurs (for example) between t = 115 and t = 125. We notice that in the bimodal or two-cycle regime, the system does not return to the same "long" or "short" values and in the fixed-point regime, the point is hardly fixed. We believe that this deviation is due to inherent nonlinearity in the system and not due to noise in the data. As we discuss in the previous section, this type of behavior can be modeled through a parameterized logistics map. Thus, we use the map as a foundation for our prediction algorithm. Initially, we consider the data as direct output from a parameterized logistics map, with parameter r = r~ varying from eruption to eruption,
Yn+l = rnyn(K -yn).
Here we introduce parameter K as our data does not lie in the unit interval. We choose the value of K to be slightly larger than the maximum eruption interval; K = 115 is a reasonable choice. For each data point n between 1 and N -1 where N = 260 is the total number of points, we can solve for r~ Yn+ l rn y (gSince parameter r controls the bifurcation and variation of the system (if K is fixed), it is our hope that we may characterize the behavior of the {rn} and use this knowledge in conjunction with the logistics map to model the system. However, in practice we find the dynamics of the {rn} difficult to describe. There is no clear relation among the {r~} themselves or between a point r~ and the corresponding eruption interval y~. Thus, this approach is not as fruitful as we had hoped.
There may be underlying periodicity in the dynamics of Old Faithful, such as a diurnal variation or a phenomenon similar to the Geyser Hill Wave, both factors which affect Plume Geyser and other geysers near Old Faithful [4, 6] . To attempt to isolate this periodicity, we take the discrete Fourier transform of the eruption interval data and examine the magnitudes (see Figure 2) [7, 8] . We assume that peaks correspond to dominant frequencies in the interval data, so we isolate the frequencies that correspond to relative peaks in the power spectrum. Based on the spectrum in Figure 2 , we consider the frequencies corresponding to the peaks at N = 14, 67, and 128, plus the constant component (not shown in Figure 2 due to its disproportionate height). Then, we compute an inverse transform which is of the form where the a~ and bi are coefficients from the Fourier transform and the w~ are the dominant frequencies given in Table 2 . This results in a data set with the dominant periodic behavior of the eruption data. It is interesting to examine the significance of the periodicity of the data. We consider just the component corresponding to the frequency 0;1 n-1 (2~rwl~..1)
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and plot a four day time period with respect to time (see Figure 3) . We see a period of 24 hours in the data which is clear indication of a diurnal variation in the eruption data. Research has shown that this is a common phenomenon in geysers [6] . Moreover, it makes intuitive sense as the cyclic nature of daily temperatures would result in cyclic heating of the subsurface water in the geyser. The other two frequencies seem to have periods of two and four eruptions, respectively; this is more evidence of two-cycle behavior in the geyser dynamics.
If we subtract the periodic behavior given by (1) from the original data, the remaining data should be (relatively) aperiodic. Since this data also exhibits the long-short behavior characteristic of the original data, we now attempt to model it with a logistics map.
This aperiodic data is given by V,~ = y~ -wn,
where y,~ represents the n th eruption interval and wn is given by (1) . Set {Vn} contains elements that are positive and negative so we scale the data by vn v~ = T + 10 (
to make it positive. Then, we consider the logistics map
Vn..bl = snvn(C -vn).

(4)
In this case, C = 20 is a reasonable choice. Using the same approach described previously when determining the {r~}, we solve for s~ v~+l (2)
s~ = v~(C -vn)"
We plot the points (s~, s,~+l). After noting an inverse relationship between s~ and s~+l, we use MATLAB'S optimization routine fmins to find the best-fit constant of proportionality. Thus, we choose to approximate the points (s~, sn+l) with the curve sn+l = f(sn) with f(s) = 0.0108(I/s) (see Figure 4) . We then incorporate this approximation into the prediction algorithm.
PREDICTION ALGORITHM.
1. We begin by observing two consecutive eruption intervals y~ and Y~+1-2. We use relationships (1)-(5) defined above to calculate the corresponding logistics parameter sn. 3. We compute s,,+l = f(s~) and use this value as the new logistics parameter.
4. We compute Vn+ 2 = 8n+lVn+l(C -Vn+l) from (4), Vn+ 2 --4(Vn+ 2 -10) from (3), and wn+2 from (1). 5. We predict Y~+2 ---V~+2 + w~+2 via (2).
The following plots in Figure 5 compare the actual data with the predicted eruptions. We clearly are able to reproduce the characteristic pattern of the data and many of our predictions are accurate, or at least as accurate as the traditional prediction method. We are most successful at predicting intervals that occur in the long-short regime, but in general, we fail to predict a change from that regime. We do, however, register the change in behavior once it occurs, although the accuracy of the predictions could be improved. We examine the error in Figure 6 and Table 3 . Figure 6 shows the absolute error for each of the 260 eruption intervals• The error appears to be as unpredictable as the data itself. We hypothesize that most of the error is due to error in the model for s. As an iterate of the logistics map depends linearly on s, the error in the prediction depends linearly on the approximation error.
In Table 3 , we analyze the error in our predictions and compare them to the errors resulting from the traditional prediction algorithm. Our minimum error is negligible and our mean error is less than ten, the margin of error given for the traditional algorithm. Moreover, more than half of our predictions are accurate to within ten minutes and almost ten percent are off by less than one minute. Although our predictions appear to be slightly less accurate than those from the traditional algorithm, we recall that the traditional method utilizes eruption duration data while we use only previous intervals.
CONCLUSIONS AND FUTURE WORK
In this paper, we have outlined a mathematics-based algorithm for predicting Old Faithful eruptions. The methodology involves isolating the aperiodic component of the eruption data and modeling it using a parameterized logistics map. We then couple the model output with the periodic behavior to generate predictions. Our approach uses two consecutive eruption intervals to predict a third. Our results are competitive with the traditional prediction method, which is observation-based and uses the duration of the previous eruption.
The prediction algorithm could benefit from improvements in accuracy and efficiency. For a mathematical model to replace a table-lookup prediction method, it must be easy to use in the field, and ideally, it should be able to predict eruptions using only one previous data point (either eruption interval or duration).
The accuracy of the algorithm would be improved by a better model for the logistics parameter. Although there is a distinct pattern to the parameter values, there is still inherent error in our model. Less model error would lead directly to less prediction error.
A key feature of this algorithm is the use of the both the periodicity and bimodality of the eruption dynamics. Geyser behavior changes with time, but it is reasonable to assume the longevity of these characteristics. Thus, the model should be easily adapted to describe the current eruption patterns or to fit recent data.
Finally, the analysis here provides clear evidence of the diurnal variation inherent in Old Faithful's eruption pattern. This daily cycle has been hypothesized, but the observation based prediction algorithm ignores its effects. Perhaps, if nothing else, the incorporation of a diurnal variation could improve predictions based on observation.
